Moduwle 5
Cirewdar Functions and Trigonometry
@
Whait thes module it about
This module is about trigonometric equations and proving fundamental
identities. The lessons in this module were presented in a very simple way so it

will be easy for you to understand solve problems without difficulty.
knowledge in previous lessons would be of help in the process

~a

son' © Whai yow arve expected to-learn

This module is designed for you to:

Your

state the fundamental identities
prove trigonometric identities
state and illustrate the sum and cosine formulas of cosine and sine

determine the sine and cosine of an angle using the sum and difference
mulas.

1
2
3.
4.
for
5. solve simple trigonometric equations

A. Answer the following:

1. Which of the following does not equal to 1 for all A in each domain?
a.sin? A +cos®A b. sec’ A - cos?”
“ sin A sec A d.tan A cot A

2. Simplify cos® A sec A csc A



3. If sin oc = % and cos B = % where o« and 3 are both in the first

quadrant, find the values of cos (c + B).

4. Sec A is equal to

a. cosA b. sinA C. ! d. ‘1 .
cos A sin 4
l-cscB . :
5. Express in terms of cos B and Sin A.
cotB
a.cosB—sinB b .8 ¢ sinB-cosB d SMB-!
cos B cos B
6. Simplify — %%
singcot¢
a. 1 b.tanp c.—csc ¢ d. -1
7. Multiply and simplify (1 —cos?t) (1 +tan®t).

(0]

. Express tan B ( sin B + cot B + cos B ) in terms of sec B.

9. Compute sin 5—72[ from the function of % and %

10. Solve the equation cos A — 2sin A cos A = 0.
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Lesson 1

Fundamental Trigonometric Identities

To be able to simplify trigonometric expressions and solve trigonometric
equations, you must be able to know the fundamental trigopnometric identities.

The Eight Fundamental Identities:
A. Reciprocal Relations

1

1.sec 9 =
cosd
1
2.cscO = -
sin &
1
3.cotO =
tan @

B. Quotient Relations

4, tan0 = sin¢
cosd
5. coto = 0956
sin &

C. Pythagorean Relations
6. cos’f + sin?0 = 1
7. 1+ tan’6 = sec? 9

8. cot?’0 + 1 = csc? 0



With the aid of this identities, you may now simplify trigonometric
expressions.

Examples:
Perform the indicated operation.
a. (1-sinx)(1+sinx)
=1 - sinx Product of sum & difference of 2 terms

= cos?x Since, cos’0 + sin’0 = 1,
then 1 - sin? x = cos? x

b. (secA—1)(secA+1)

sec’A - 1
tan® A Pythagorean Relation no. 2

c. tanO6(cotO + tano6)

tan 0 cot © + tan® @
1 + tan
sec? 0

tan O cot®6 = 1, because

tan6 = sin¢ cotfo = sin¢
cosd cosd
tanocoto = (02 y( Snfy
cos@ cos@

d. cosx(secx - cosx)

= COS X Sec X - cos? x

=1 - cos?® x
= sin? x
cos xsec x = 1, because secx =
COSXx
therefore, cos x sec x = cos x ( ) = 1
COSX



sin’ B

cosB

e. cosB +

cos’ B +sin’ B .
= cos B, Least common denominator

cosB
1 :
= Identity C. 6
cosB
= secB |dentity A. 1

Simplify the following expressions to a single function.
a. cos?Atan’A = sin®A

sin® 4
24

cos? A ( ) = sin®A

CcOS
b. (sinx + cosx)* + (sinx - cos x )?

Sin® X + 2siAXTOS X + Cos’X + sin’X - 28X Cos X + cos’x

sin® x + cos’x + sin’x + cos’x

= 2

since, cos? 0 + sin?0 = 1

c. cotBsecBsinB = 1
since, cot6 = Cf)sg andsec 6 = !
sin @ cosf
then, (252 (L ) sirp = 1
st



d. cscA -cscAcos’A = sinA

= cscA(1 - cos’A) Factor csc A
= cscA(sin*A) Identity C. 6
1 . .
= — (sipA Identity A. 2
= (si¥A) y
= sinA Cancellation

e. cos’B + cos Bsin’B

cos B (cos?’B +sin?B) Factor cos B

cosB (1) Identity C. 6

cos B

You are now ready to prove identities. In this lesson, you will prove that
one side of the equation is equal to the other side. You can work on either of the
two sides to verify the expressions are equal or you can work on both equations
to arrive at an equal statement.

Suggested Steps in Proving Identities

1. Start with the more complicated side and transform it into the
simpler side.

2. Try algebraic operations such as multiplying, factorings, splitting
single fractions and so on.

3. If other steps fail, express each function in terms of sine and cosine
functions and then perform appropriate algebraic operations.

4. At each step, keep the other side of the identity in mind. This often
reveals what one should do in order to get there.



Examples:

a. Prove:cosB +tanBsinB =

sec B

Solution:

Generally, we start with the more complicated side and transform it into

the other side using fundamental identities, algebra or other establish
identities.

sin B

cosB + (sinB) substituting sin B totan B
cosB cosB
2
cos Btsin” B addition of fractions
cosB
1 . .
= secB identity A. 1
cosB
b. Prove that sec A -tan Asin A = cos A
Solution:
sec A -tan Asin A = cos A
secA -tan Asin A =
1 sind . ) sin 4
- sin A = Substitute totan A
cos 4 cos 4 cos 4
2
! J o A = Subtraction of fraction
cos 4 cos 4
—_— 1 2
lzsm 4 Identity C. 6
cos A
2
cos 4 = Division of fraction
cos 4

cos A = cos A



¢ Prove: ! + ! = 2sec’0

1-sinéd 1+sind

Solution:

In this problem, let us concentrate on the left side because the left
side looks more complicated than the right side. By adding the two
fractions, we get:

1 + 1 _ l+sin@+1-sinf

1-sind l1+sin@ (1-sin@ )1 +sin6)

- 2
1—sin’ @
_ 2
cos’ @
2sec’0 = 2sec’0
d. Prove: sec* A -sec?A = tan’A + tan*A

Solution:

sec* A -sec? A = sec® A (sec’A - 1)
= sec’ Atan’ A
= 1 + tan®A (tan’A)
= tan’A + tan*A

. sind cosf@
e. Prove: sin0® + cos 0 + = secH + cscHO -

cot@ tan @

For this example, we will work on both sides of the equation.



Let us first work on the left-hand side of the equation:

sin@ i sin @
= sinO + cosO+
coté cosd

sinO + cos 0+

sin @
sin’ @

sin® + cos 0O+

cos@

1—cos’*6@

cos@

sin® + cos 0O+

1 cos* @

sin® + cos 0O+

cosd  cosé

sin® + cosO+ secO -cos 0

sin® + secO
Now, work on the right-hand side of the eqution:

cosd cosd
secO + cscO -

tan @ sinf
cosd

secO + cscO -

cos’ @

secO + cscO -

sin @

1-sin’ @

sin @

secO + cscO -

1 sin’ @

secO + cscO -

sin @ sin @

secO + C}C’e -/cs’ce - sin®

secO - sin0

Therefore:

secO - sin0 secO - sin©




f. Prove the identity

1+cosB + l+sinB _ 2cosB—cscB

1—cosB 1-sinB cotB—cosB—cscB +1

Begin working with the left side,

I+cosB l+sinB _ (1+cosB)1—sin B)+(1+sin B)1-cosB)
l-cosB 1-sinB (1-cos B)1—sinB)

_ (l+cosB)—sinB —cosBsinB+1+sinB —cosB —sin BcosB
(1-cosB)1-sinB)

2—2coBsin B
1—cosB—sinB +cosBsinB

Now work on the right side of the equation.

2cosB—cscB _ 2cos B - sin B
cotB—cosB—cscB+1 C'OSB—COSB— |
sin B sin B
= 2cosBsinB — 2
sinB

cosB — cosB sinB — 1 + sinB

sinB

2—-2cosBsinB
cosB—cosBsinB—-1=sinB

2—-2cosBsinB
1—cosB—sinB +cosBsin B

10



Try this out
A. Perform the indicated operation and simplify.
1. (sin® + cos 6)?
2. (cotB + cscB)(cotB - csc B)

cos@ 1+siné
+

1+sind cosd
2
4., tano9 - sec’ 0
tan @

B. Factor each expression and simplify
1.tan’ A -tan® Asin? A
2.sec’Btan’B +sec’B
3. tan* A + 2tan®* A +1
C. Prove the following identities.
1. sin x cos x cot x = cos’® x
2.1 - sintcostcott = sin’t
3. sinAcosAtanA + sin AcosAcotA = 1
4. secBcotB = cscB

5 1+ cosé + siné _ cosfd +1
' sin@ cos@ sindcosf

6 1+tan@ =sec9
" 1+cotd cscld

sind +cos@ _ sinf

sec@ +cscl sec@d

11



Lesson 2

The Sum and Difference of Sine and Cosine

The sum and difference identities for sine and cosine can be used to find
the exact values of the sine and cosine of angles which is not exact.

The Sum and Difference Identities:
cos (A-B)=cosAcosB +sinAcosA
cos(A+B)=cosACosB -sinAsinB
sin(A+B)=sinAcosB +sinBcos A
sin (A—B ) =sinAcos B -sin B cos A

The sum and difference identities for sine and cosine can be used to find
the exact values of the sine and cosine of angles that are not special angles.

Example 1:
a. Find the exact value of sin 15°
sin 15° = sin (45° - 30°)

sin 45° cos 30° - cos 45° sin 30°

_ N2 B V21
-(7)(7)-(7)(5)
- V6 N2
4 4
_ V6 - 2
4

12



b. find the exact value of cos i—;[

Sx V4
cos — = cos(— +
12 4

]

T T Y/ ya
= COSs — COsS — - sIn— sin —
4 4 6

V2 3 V21
(7)(7) -(7)(5)

(@)
[\

Example 2:

Consider sin A = % with P(A) in Q1 and cos B = % with P(B)in Q1.

Find: a. sin(A + B) b.cos (A + B)
Solution:

Since P(A) and P(B) are both in Q1, P(A + B) is either in the first or
second quadrant. While, cosine is positive in the first quadrant and
negative in the second, it will suffice to find sin (A + B) and cos (A + B).

We get the value of cos A and sin B by using the Pythagorean

relation,
cos’A + sin?B = 1

Substitute % for sin A and % for cos B.

cos’A + sin’A = 1

13



COsA =+

[
w|U‘

Take cos A =% since P(A)is in Q1.

Substitute % for cos B.

cos’B + sin’B = 1

P+ sin’B = 1

(

W | W

L sin’B = 1
25

sin’B = 1 - —

Take sin B =

14



a. sin(A+B) = sinAcosB + cosA sinB
12 3 5 4
= i - + - —
(13)(5) (13)(5)
36 20
= — 4+ ==
65 65
sin(A+B) = 56
65
b. cos(A+B) = cosAcosB - sinA sinB
_ 5 3 12 4
= (13)(5) (13)(5)
- L #
65 65
cos(A+B) = =33
65
Example 3:
If sin A = %1 180° < ZA < 270°andcos B = %,270°<LB< 360°.
Evaluate:
a.cos (A- B) b. sin (A-B)
Solution:

First, you have to get the values of cos A and sin B. We can get these
values by using the Pythagorean relation.

Since, 180° < ZA <270°, ZA isin quadrant lll and ZBis in quadrant IV.
cos’A + sinA=1

cos’ A + (_?1)2 =1

15



cos’ A + Ty
9
cos’A = b
9
cos A =i&
3
CosA = -%,since Z Aisin Q.

Now, find the value of cos B:

cosB = 270° < «B < 360°.

1
5

]
N

cos’B + sin’B

( % 2 +sin?B = 1
sin’B = 24
25
sinB = i¥

sinB = -%, since Z Bis Q IV.

We are now ready to evaluate: a.cos(A- B)

cos(A- B) = cosA cosB + sinA sinB
22, 1 -1, 2J6
= ('T)(g)*‘(?)('T)
_ -2, 26
15 15

cos(A-B) =242 + 246
15

16



b.sin(A-B) = sinA cosB - cos A sinB

-1 1 242, 246

= (7)(5)-(-3 )(-5 )

_ -1 412
15 15

)
15 15

sin(A=B) = -1 -83
15
Try this out

A. Express each measure as the sum or difference of two special angle
measures.

1.105° 2.135°

3.225° 4. 315°

5. = z
6 12

B. Evaluate by using special angle measures and a sum or difference
identity.

1. cos 105° 2.sin 135°
3.sin 225° 4. cos 315°
5. cos z 6. sin7—7[

6 12
7. sing—ﬂ 8. sin4—7[

3 3
9. sin 300° 10. cos 240°

17



C. Evaluate sin(A + B)andsin( A - B) given the following:

1. sinA = %,90o ( £A (180° and cosB = %,180° ( £ B 270°

2. sinA = %,900 ( /A (180° and cos B = % 180°( /B { 270°

Lesson 3

Trigonometric Equations

A trigonometric equation is an equation which involves some trigonometric
functions of the variable. The rules in solving algebraic equations also applies to

the solution of trigonometric equations.
Here, are some pointers for you to remember:

1. Adding the same expression to both members of an equation
produces an equivalent equation.

2. Multiplying each member of an equation by the same expression
produces an equivalent equation.

3. Replacing any expression is an equation by another expression
representing the same real number produces an equivalent

equation.
Let us review your knowledge on solving algebraic equations:

Solve for the value of x in the following equations.

1. x> - 7x + 12 =0 2. 6x% - 5x = -1

(x - 4)(x - 3)=0 6x - 5x + 1 = 0
x-4=0o0r x-3=0 Bx -1)(2x-1)= 0
Xx=4o0or x=3 x=l orx=l
3 2

18



You can now apply these procedure to solve trigonometric equations.
Examples:
a. Solve: sin®?x + 3sinx + 2 = 0,0 <x{(2n
sin®x + 3sinx + 2= 0
(sinx + 2)(sinx +1) = 0

0

sinx +2 =0 or sinx + 1

sinx = -2 or sin x -1

You have to reject -2 since, -1< x < 1

sinx=-1 andx = 3z since sin 37 - -1.
2 2
Therefore, the solution within the specified interval is 377[

3z is called a primary solution because it is a solution within the given

interval. All angles that are coterminal with the angle that is a primary
solution would also be a solution. These solutions differ from the primary
solution by integral multiples of the period of the function and are called
general solutions of the equation. The general solution of the equation is

X = 37” + 1, where k is an integer.

Forming the General Solution

For equations of the form
sinx = Kk cosx = k cscx = k secx =k
find all solutions in the interval 0 < x < kr and add 2kr to each to form
the general solution..

For equations of the form
tanx = k cotx = k
find all solutions in the interval 0 < x < kr and add kr to each to form
the general solution.

19



When a trigonometric equation contains more than one function, transform
it into an equation containing only one trigonometric function. Use the

identities and substitute.
b. Solve: 5sec®x + 2tanx = 8, 0° < x < 360°

5sec’x + 2tanx = 8

5(tanx + 1) +2tanx -8 = 0 substitute tan® x + 1 for sec? x
5tan’x+5 +2tanx - 8 = 0

5tan’x + 2tanx - 3 =0
(btanx - 3)(tanx + 1) = 0
tanx = = or tanx = -1
tanx = 0.6 or tanx = -1

X = 31° or x = 135°

X = 211° or X = 315°

Since the tangent functions has a period of 180°, the solutions within
the specified interval are 31°, 135 °, 211° and 315 °.

c. Solve cot x cos? x = 2 cot x
cot x cos? x = 2 cot x
cot x cos’ x- 2 cotx = 0

cotx (cos’x - 2)= 0
cotx = 0 or cos’x -2 =0

cos’x = 2

:42

x
]
(SRR

COS X

20



No solution is obtained from cos x =+ \/5, since + +/2 is outside the
cosine function. The complete solution is

X = % + k=, where k is an integer.

d. Solvecos A + sinA = 1

Solve for cos A. Then square both sides.

cos A + sinA

1

cos A 1 - sinA

cos’A = (1 - sinA )
cos’A =1 - 2sinA + sin’A

1- sin?A

1 - 2sin A + sin’ A

2sinA - 2sin?A =0

2sinA (1-sinA) =0
2sinA =0 or 1-sinA =0

2sin A= 0 implies thatsin A = 1, and A = 2x.

1- sinA = 0 impliesthatsinA = 1, A = %

Try this out

A. Find all values of 6 between 0 and 2r that satisfy each of the following
equations.

1.sine=l 2. cose=£
2 2
3.tan® = -1 4. cot® = -3

21



‘

5.tan0 = 6. cos O =
¥

7.sin9=£ 8. sin9=_—\/g
2 2

9. cosO = g 10.sec O = 2

B. Find the solutions in each of the following in the interval 0, 2n
1. 2sin®x = 1
2.tanx(tanx -1) =0
3.3sec’x - 4 =0
4, 2cos’xtanx -tanx = 0
5. 2cot? x + csc?x = 2
6.1 + cosA = 3cosA
7. 2tan’B + sec’B = 2
8. cos A = sin A
9. sinA +2sinA +1=0

10. cos’Xx = cos X

22



Lel's suummarige

The Eight Fundamental Identities

A. Reciprocal Relations B. Quotient Relations
1.sec O = ! 4. tan6 = sin ¢
cosd cosd
2.cscO = .1 5. coto = Cf)se
siné sin @
3.cotO = !
tan @

C. Pythagorean Relations

6. cos’f + sin?f = 1

7. 1+ tan’0 = sec’ 0

8. cot?® + 1 = csc? 9

The Sum and Difference Identities

1.cos (A-B)=cosAcosB +sinAcosA
2.cos(A+B)=cosACosB -sinAsinB
3.sin(A+B)=sinAcosB +sinBcos A
4.sin(A-B)=sinAcosB-sinBcos A

The sum and difference identities for sine and cosine can be used to find
the exact values of the sine and cosine of angles that are not special angles.

The General Solution:
For equations of the form,

sinx = k cosx= k cscx = k secx =Kk

23



find all solutions in the interval 0 < x < kr and add 2kr to each to form the
general solution.

For equations of the form,
tanx = kK cotx = Kk

find all solutions in the interval 0 < x < kn and add k= to each to form the general
solution.

Whait have youw learned

Answer the following:
1. Whatis cos x if sin x = % and the terminal side of £ X is in Q1.

s 22

B
2. ExpresscosB + S

in simplest form.
cosB

3. Factor and simplify. cos® A - cos A

4. Prove: —COSACSCA =1

cot 4

5. Simplify cot B sec B sin B to a single function.
sin” @

1—cos®

6. Rationalize the denominator and simplify.

7. Write cos 330° as sum and difference of 2 special angles.

8. If £ Ais a fourth-quadrant angle, sin A = 1—78,4 B is a 3"-quadrant angle,
and cos B = 1—35 Find the exact value of cos(A + B )and cos (A-B).

9. 30|veforx,03xs%.1 - 2sinA = 0

10. Prove:tan 6(sin® + cos6)® + (1-sec’f)cot6 = 2sin’6

24



How much do you know

1.c 2. cotA 3. 228 4.c 5 d 6.a 7. tan%0
4225
8. S8 sinB) + (OB SMB ) o A 9.6 - V2
cosB simB  cosB
4
2 =2 2
sin“ B +cosB = sin“ B+cos” B _ 1 —secB 10. 1,3_7z,7_7r’M
cos B cosB cosB 2 2 6 6
Try this out
Lesson 1

cos’ 0 -1 1+2siné -1 —cosé
T 3. —_ 4. Or .
sin” @ cos@(1+sinf) tan @ sin @

A1.1 + 2sinObcos 0 2.

B1. tan?A (1-sin?A) 2. sec’Btan’B +sec’B 3. (tan’B + 1)

= tan® A (cos® A) =sec’ B (tan’ B + 1) =sec’ A
)
= 5 ZA (cos A) = sec? B (sec? B)
cos” 4
= sin? A =sec*B
C1.sinxcos xcot x = cos x 2. 1-sintcostcott = sin®t
coSt

. COSX . .
sin X cos X —— = cos? x = 1-sintcost(—)=1—-cos®t =sin’t
Sin x sint

3.sinAcosAtan A + sin AcosAcotA = 1

=sinAcosA(SmA)+ sin A cos A (Cf)SA) = sin? A + cos?’A = 1
cos A4 sin 4
4. secBcotB = cscB ( ! Cf)SB = ,1 = cscB
cosB~ sinB sin B

25



cos@(1+cosf)+sin*@ _ cosd+cos” O +sin’ 6

5 1+cosd + sin @ _ _
" sind cosd sin@cos@ sin@cosé
_ cosd +1
sindcos @
l1+tanf _ cos@+sinf sin@
1+cotd cos@ " sin@+cosb

sind _ secl

cosd cscl

sinx + cosx sinx + cosx . cosxsinx . sin @
7. = — =s8in X+ cos X (—— ) =cos xsinx =
secx+cscx SInXx + Ccosx SInx + cosx secd
coxsin x
Lesson 2
A. 1. (60° + 45°) 2.(90° +45°) 3.(180° +45°) 4. (270° + 45°)
57 . T g F LT
3 6 4 3
B. 1.42 -6 2.£ 3£4-£ 5. 43 -1
2 2 2 S
4 4
6. V2 + V6 7£ 8—? 9_—110-£
4
— . — . 63 . -7
C. 1. cosA=— sinB= — sin(A+B)= — sin(A-B)= —
65 13
2 cosA= % sinB=_> sin(A+B)= - sin(A-B)= —
5 13 13 65
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Lesson 3

A19—£,5—ﬂ 29_2_”,4_” 3 e=3_”,7_” 4_9:5_”,M
6 3 4 4 6 6
5_9:5_”,7_” 69=2—7[,4—7[ 79:1,3_7[ 86—4—7[, Sz
6 6 3 3 4 4 3 3
S5z
96:3_7[,i 10 e:ﬁ’s_”
4 3 3
sz
B 1.X=£, 7_72- 2X=£,i 3.X=£,&
4 4 4 6 6
4.x =21 5 Zz_”4_”5_” 6 ”,5_”
3 3 3 3 3
7xz£’5_ﬂ-’7_ﬂ.’& 8xz£’5_ﬂ-
6 6 6 6 4 4
9. x= " 10. x=0, 2

What have you learned

4
1. cosx= —
25
cos’ B +sin’ B 1
2. = = secB
cosB cosB

3.cos A(cos A+ 1)(cosA—-1)

27



cos A

sind _ cos4 sind _
= — X =1
cos 4 sin 4 cos A
sin A
5. sin 0 X COS 0 - C?Se Xsin® = sinB - cosO
cost sind
6. sin’@ + cos @

sin’ @

7. cos (270° + 60°) =

NG
2

8. c:osA=1—5 sinA=_—12 cos (A +B) = -7
17 13 221

9.x= 2 Z
6 3
1—sin’6—1 _ sin@ + 2sin’* @ —sin* 6
sind sin @

10. sin 0 + 2sin? 0 + = 25sin’0
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