Module 4
Circudar Functions and Trigonometry

D
®  What this module iy about

This module is about the properties of the graphs of a circular functions.
You will learn how the graphs of circular function look like and how they behave
in the coordinate plane.

7
f Whait yow are expected to-learn
This module is designed for you to:

1. describe the properties of the graphs of the functions:

e sine
e cosine
e tangent

2. graph the sine, cosine and tangent functions.

3. solve trigonometric equations.

1. What is The period of the sine function y = sin x?

a. 2m b I c. T d 3m
2 2
2. What is the amplitude of a cosine function y = cos x?
a. -2 b. -1 c. 2 d. 1

3. What is the value of y = 4 sin % X, if x = 5?”?



4. What is the value of y = 2 sin x, if x = %?

Given the following functions, identify the amplitude of :
5.y =2cos X

3 .
6.y= 2 sin x
.3
7.y=-2sin 5 X
Given the following functions, determine the period of:
8.y=2cos 1 X
2
9.y =4sin % X

1
10. y=sin =x
y 5

11. Which of the following are zeros of y = tan © for the interval 0 < © < 217?

a. 0, mand2m C. Eand3—Tr
4 4

b. Ll and 3—“ d. Eand 5—“
2 2 6 6

12. In which of the following intervals is the cosine function decreasing over the
interval [0, 211]?

a. [0, ] c. [m, 2m]

b. 10,7 [and| 3™ 2n g | T3
2 2 2" 2

13. solve for the solution set of sin x—1 =0 in the interval 0 < @ < 2x.



§ Ywracyouwarao
Lesson 1

Graphs of Sine, Cosine and Tangent

Circular functions can also be graphed just like the other functions you
have learned before. The difference is that the graphs of circular functions are
periodic. A function is said to be periodic if the dependent variable y takes on the
same values repeatedly as the independent variable x changes.

Observe the changes in the values of y = sin 8 and y = cos 8 for arc
lengths from -2t to 21T.

31T -7 to - T 0 to - 0 to T to 31T
o |2 °| 3w | m | m || 3m |
=217 2 -TT 2 2 'IT 2 21T
sin 6 1t0 0 Oto1 |-1to0|0to-1| 0to1 | 1to0 |[Oto-1| -1to 0
cosB6| Oto1 -1to0 |Oto-1| 1t0c0 | 1to0 |Oto-1|-1to0| Oto1

Using the arc length, 6, as the independent variable andy =sin8andy =

cos O as the dependent variables, the graphs of the sine and cosine functions
can be drawn.

Below is the graph of y = sin 8 for -21r < 8 < 21m1. This was done by plotting
the ordinates on the y-axis and the arc lengths on the x-axis.

Observe the properties of this graph.

, Y
. 1 maximum
y =sin 6 point
1 P
/\ amplitude
< 0 —>
=21 3m - _r I m m 10
T2 2 2
14 :
period minimum

-2 point



You can see that the graph is a curve. Call this the sine curve. Observe
that the graph contains a cycle. One complete cycle is the interval from -2 to 0
and another cycle is the interval from 0 to 21. This is called the period of the
curve. Hence, the period of y = sin 8 is 21r.

The amplitude of the graph of y = sin 8 is 1. The amplitude is obtained by
getting the average of the maximum value and the minimum value of the

function. The maximum point is (g1j and the minimum point is [37",—1jfor the
interval [0, 21]. The graph crosses the x-axis at (0,0),(1r,0),and (21,0) for the

interval [0, 217]. Observe also that the sine graph is increasing from 0 to g and

from 3711 to 21T, and decreasing from g to 37n for the interval [0, 211].

The Graph of Cosine Function

The graph of y = cos 6 can be constructed in the same manner as the
graph of y = sin 8, that is, by plotting the abscissa along the y-axis and the arc
lengths along the x-axis. Observe the properties of the graph of y = cos 8 for the
interval -21 < 6 < 21T shown below.

Y
2 -
y = cos 0
AT — — 03 < - N >
2 ~Z 2 2
1 4
2 d

You will observe that just like the graph of y = sin 6, it is also a curve. It
also has a period of 2 and amplitude 1. For the interval [0, 21T], the minimum
point is (1T, -1), maximum points are (0, 1) and (21, 1) and the graph crosses the



2
increasing from 11 to 211 over the interval [0, 211].

x-axis at (goj and (3—”oj The graph is decreasing from 0 to 1 and

The Graph of the Tangent Function

The graph of y = tan 6 can be drawn in the same manner that the graphs
of the sine and cosine functions. The value of the tangent of an angle is plotted
along the y-axis and the arc lengths on the x-axis. Observe that the tangent of

the odd multiples of g(90°) are not defined so that the graph is discontinuous at

those values. These are denoted by the broken lines (called asymptotes) that
separate one complete cycle from the others. Thus, the domain of these function

exclude all odd multiples of g while the range is the set of real numbers.

Y
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Notice that the period of the graph of the tangent function is 1. This is shown

by a complete curve in the interval [—gg} See that the other curves are

repetitions of the curve for the given interval. The graph of the tangent function is
also said to be an odd function and that the graph is symmetrical with respect to
the origin.

You will also see from the graph that it is an increasing function for the
different sets of intervals.

Try this out

A. Refer to the graph of the y = sin 8 to answer the following.

1. What is the domain of the sine function?

v



2. What is its range?

3. Give the intercepts of y = sin 0 for the interval [-21T, 0]

4. Determine the interval where the graph of y = sin 6 is (a) increasing, (b)
decreasing for the interval [-21T, 0].

B. Refer to the graph of y = cos 8 to answer the following.

What is the domain of the cosine function?
What is its range?

Give the intercepts of y = cos 0 for the interval [-21T, 0]

0N~

Determine the interval where the graph of y = cos 8 is (a) increasing, (b)
decreasing for the interval [-21T, 0].

C. Refer to the graph of y = tan 6

What is the domain of the graph of y = tan 67
What is its range?
At what values of 8 in the graph is tangent not defined?

Give the vertical asymptotes of the graph?

a K& 0N =

What are the zeros of y = tan 67?

Lesson 2

Properties of Sine and Cosine functions

The two properties of Sine and Cosine functions are amplitude and a
period of a function. This can be determined from a given equations. The
function in the form of y = a sin bx and y a cos bx, the amplitude is /al and the

. .27
period is >
Examples:
Determine the amplitude and the period of the given function:
1. y=3sin 2x

Solution:



a=3 b=2

a. amplitudeis = /a/

=/3/
=3
b. periodis P = 2%
b
_ 2w
2
=T
2 y=lcosx
' 2
Solution:
a=l; b=1
2

a. amplitude is =/a/

:/l/
2

b. period is P = 27”

3. y=-3sin4x
Solution:
=-3; b=4

a. amplitudeis =/a/



= /-3/
=3

b. period is P = 27”

i
4
=7
2
4. y = cos 4x
Solution:
a=1,b=4

a. amplitudeis =/a/
=/1/
=1

b. periodis P = 2
b
2z
4
=7
2
2
5. y=-=sinx
Y73
Solution:
az-2:b=1
3

a. amplitude is = /a/

= /-g/
3



b. periodis P

Try this out

A. Determine the amplitude of the following functions.

1. y=3sinx
1
2. y=2sin —Xx
y 2
3
3. y= = cos 2x
y 2
y = -2 cos 2X
y = cos 4 X
6. y=2sin 2x
7 =lsinx
Y 5
3
8. y==sin —x
=3
9. y =-4sin 3x

.3
10.y =-2sin = X
y 2
B. Determine the period of the following functions.
2
1. y=6sin —x
Y 3
2. y=15sinx

1
3. y=4sin —x
y 2



4. y=-l cos ix
2 4

1

5. y=3cos —x
y 2
6. y = cos 3x

7. y=-3sin %x

8. y= -6sin 2x
1

9. y=2sin =X
y 5
10. y = sin 4x

Lesson 3

Trigonometric Equations

In this section we will solve trigonometric equations using your knowledge
in solving algebraic equations. We will also find values which are true for the
domain of the variables under some given conditions.

Examples:
1. Find 6 in +/3cos@ -2 =0 in the interval 0 < 6 < 2x.
Solution:
2cosf - 3 =0
2cos6 = 3

NE
2

cos@d =

the reference angle

)
I
o N

In the interval 0 < 6 <2m, 6 = —, %

N



Since the cosine function has a period of 2%, we can obtain the general solution
by adding multiple of 2x. We have,

11 .
0= %+ 2nr, ?ﬂ- + 2nrx,where n is an integer.

or & = 30° + 360°n, 330° + 360°n wnere n is an integer.

2. sec X = - /2 in the interval 0 < 0 <2m.

Solution:
secx =-+2
Since sec x is , then
COSX
1
COS X = -——
V2
_ 12
2 2
2
COS X = -——
2
T
X = " the reference angle

Since x is in the interval interval 0 < x < 2 and cos x is negative, then x = 3z

and 5—”.
4

3. Determine the solution set of tan? @ = tan 6 in the interval 0 < @ < 2.
Solution:
tan? 6 =tan 6

tan? @ -tan 9 =0



tan f(tan 6 -1)=0

tan 6 =0 tang -1=0
tan 0 =1
0=0,n 9=£’5_7z
4 4
The solution of the tan® @ = tan is {0, % T, %[}

4. Determine the solution set of sin 2x = 0 in the interval 0 < x < 2r.
Solution:
cos 2x=0

Since 0 < x < 2n then 0 < 2x < 4.

Then2x= = 3_ 5_” g
2 2 2 2
T 3r 5Sm Iz
andx=~—, —, —, —
4° 47 47 4
. . . ...m 3n 5Snm Iz
The solution set of the given equation is {Z’ VR T}.

Try this out
Determine the solution of the following equation in the interval 0 < x < 2x.

1. tanxsinx=0

2. 2.cos’x +cos x =0

3. 2sin®x+5cosx—3=0
4. tan 2x =1

5. 4sin’°x=3



6. cot?’x—1=0

7. 4sinx cos x = -4/3
8. 3cosx=-6

9. cot?x-1=0

10. (cosx—1)(cosx+1)=0

lety Summarige

. The graph of the sine function is periodic. The period is 211. Its domain is the
set of real number and range is [-1, 1]. Its amplitude is 1 and the curve

crosses the x-axis at the odd multiples of E It has a maximum value 1 and a

minimum value -1. The graph is increasing in the interval {0%} and {%,24
T 37
while decreasing in the interval [E,?} over the period 21r.

. The graph of the cosine function is periodic with a period 21. Its domain is the
set of real number and range is [-1, 1]. Its amplitude is 1 and the curve
crosses the x-axis at the multiples of 1. It has a maximum value 1 and a
minimum value -1. The graph is increasing in the interval [1r, 2m] while
decreasing over the interval [0, T1].

. The graph of the tangent function is periodic with a period 1. Its domain is the

set of real numbers except the odd multiples of 121 where tangent is undefined.
The range is the set of real numbers. It is an odd function and has vertical

asymptotes at odd multiples of g

. The function in the form of y = a sin bx and y a cos bx, the amplitude is /a/

and the period is 277[



Whait have youw learned

Given the following function, identify the amplitude of:

1 y=lcosx
' 2

2. y=4cosx

3. y=sin4x

Determine the period of the following functions.

4.y =3sinx

5.y =cos x

6.y =4 sin 4x

7. What is the value of y = % cosxifx=%
T

8. What is the value of y = 3 tan 2x , itx = o

9. The period of the tangent function is

a. 2T c. T
b. I d 2
2

10.What is the amplitude of the sine function?



11.Which of the following are zeros of y = cos O for the interval 0 < © < 2117?

a. 0, Tand 2m C. Eand3—Tr
4 4

b. Ll and 3—“ d. Eand 5—“
2 2 6 6

12. which of the intervals is the sine function increasing over the period of 21?

a. [0, ] c. [m, 2m]
b. {O,E}andr—ﬂ,m‘r} d. {3,3—“}
2 2 2’ 2

13. Determine the solution of sin %x =0in the interval 0 £ 6 £ 2.



How much do you know

1.
2.
3.
4.
5.

13.

NN

Try this out
Lesson 1

A. 1. Real Numbers
2.[-1,1]
3.0, -m, -2

4. increasing: [— 2m-31), [—g,o]

. _3rr_ﬂ]
decreasing: [ 27 2
B. 1. Real Numbers
2.[-1,1]



4. increasing: [T, 0]

decreasing: [-21T, -T7]

. 1. Real numbers except the odd multiples of g

2. Real Numbers
3

3. all odd multiples of g; ro

N
i+

4. all odd multiples of g; ig,i

5-2m,-m0,m 2T
Lesson 2

A.

-_—

amplitude : 3
2. amplitude 2

3. amplitude: 3
2
2

SN

. amplitude:

(6)]

amplitude: 1

o

amplitude: 2

N

amplitude:

NS

amplitude: %

9. amplitude: 4

o

10. amplitude: 2

1. Period: 3n
2. Period: 2xn
3. Period 4xn

4. Period: 8?”



5. Period : 4n
6. Period : —

7 Period : 3n
8. Period: n
9. Period: 10x

10. Period: Ll
2

Lesson 3
1. tanxsinx=0
Solution:
tanxsinx=0
tanx=0 sinx=0
X =7, 2m, X =T, 2%
The solution set of tan x sin x = 0 is © and 2x.
2. 2cos’x+cos x=0
Solution:
2 cos® x + cos x =0

cos x(2cosx—1)=0

cosx=0 2cosx—1=0
7T 3r 1
X= =, — COS X = —
2 2 2
T Srx
X=_,_
33

The solution of 2 cos® x + cos x = 0 is {%, % 377[ 5?7[}.



3. 2sin°x+5sinx-3=0
Solution:
2sin’x+5sinx—3=0

(2sinx—1)(sinx+3)=0

2sinx—1=0 sinx+3=0
2sinx=1 sinx=-3
X = no solution
sinx=l
2
T Srx
X=_’_
6 6
4. tan2x =1
Solution:
tan 2x =1
0<2x<4n 0<x<2n
T 5w T 5w
2X = —, — X= =, —
4 4 8 8
hY/4

The solution set is Z, .

5 4sin’x=3
Solution:
4sin’x=3
sin®x = 3
4
sin x = ﬁ
2



27

X = _—
3

w |y

The solution set is {%, 27”}.

.cot?’x—-1=0
Solution:
cot?’x—1=0

(cotx—=1)(cotx+1)=0

cotx—1=0 cotx+1=0
cotx=1 cot x = -1
T S 3 T
X=_1_ X=_’_
4’ 4 4° 4
The solution setis { =, 3—7[ 5—7[, 7—7[}
4’ 47 47 4
.2cosx-x/_=0
Solution:
2cosx-\/_=0
2cosx=\/§
cosx=£
2
7 1«
X=—=, —
6 6

The solution is {ﬁ, M}
6 6



8. 3cosx=-6
Solution:
3 cosx=-6
cos X = -2
No solution, because all values of cos x are between 1 and -1.

9. 4cos’x=1

Solution:
4 cos® x = 1
cos® x = 1
4
1
COS X = —
2
T S
X = —_—, —
3 3

The solution set is {%, 5?7[}

10. (cosx—1)(cosx+1)=0
Solution:

(cosx—1)(cosx+1)=0

cosx—1=0 cosx+1=0
cos x =1 cos x = -1
x=0,2n X=T

The solution set is {0, &, 27}



What have you learned

1

2
.4

1

2n
27

o A W N

6.
2

7.0

8. 33
9. ¢
10. 1

11. a
12. b

T 27

3.3, )



