Module 3
Circudar Functions and 7Trigonometry

D
®  What this module iy about

This module will teach you about how to define and find the values of the
six trigonometric functions of an acute angle which is in standard position.

%
Whai yow are expected to-learn
This module is designed for you to :

1. Define the six trigonometric functions of an angle on the unit cirlcle.

2. Define the six trigonometric functions of an angle in standard position
whose terminal point is not on the unit circle

3. Find the values of six trigonometric functions of an angle , given some
conditions.

1. What is the value of y = 4sin%x, if x = 5?7[?

Given the figure, find the values of the radius and the six trigonometric
functions of ZA. Y

A
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2. r

3. SinA 6. CotA
4. Cos A 7. Csc A
5. Tan A 8. Sec A

Find the values of the other five trigonometric function for S if Tan S = -6/8,
SinS <0

9. r 12. Cot S
10.Sin S 13. Csc S
11.Cos S 14. Sec S

ETI A wrac you will do-

Lesson 1

Six Trigonometric Function of a Point on the Unit Circle

Recall in the previous module, we have defined the six circular functions
of an angle 8 whose terminal point (x, y) is on the unit circle as:
1 Y

y

sin @ =y csc 4
P Y)

=

cos 6 =X sec¢9=l X\

\%

y X
tan 6 = = cot @ = —
x y Unit Circle

Since the reference for the definition of the six trigonometric function is the
unit circle, they are also called circular functions.



Examples:

1. Find the six circular function of 37”

Since 3z is in QII, its coordinates are (—Q,Q). X = N2 andy = Q
4 22 2 2
Then, the six circular functions are:
sin 3_72- =y= Q
4 2
Y
3
Cos_ﬁ =X—-£ P(_ﬂ) \
2 4 /\r=1
X
V2 \J
tan 3_7[ = X = L :_1
4 X 2
2
e ol L2 2 22 g
y N2 N2 420 2
2
sec — = — = 2 Qz_z_\/z:_\/z
x N2 2 42 2
2
2
ot F=F=_2 -4
4 y 72
2

2. Find the six circular functions of angle ¢ whose coordinates is defined
by (%, y)and @ is in QIV.



Using the equation of a unit circle x*> + y? =1,

1
(5)2+y2=1
2 _
A Y
e dh
=1- —
y Z « -

2_3 &zdl

= — P(1,
=7 (Ey)
e

4

=33

y 2

Since 0 isin QlV, theny = - g and has coordinates (%, —ﬁ).

The six circular functions or trigonometric ratios of angle & are:

. NE)
sin @ =y=-—
y 2
1
cos @ =x=—
2
3
tan9=1=—2:—\/§
xo 1
2
cscpgelo L _ 2 2 A3 283
y B B BB 3
2



sec¢9=l=%:2
x R
2
1
cot0=£=i=i=i.£=£
y o3 B33

Try this out

Find the six circular functions of the following angles:

4. lying on point (-%, y) andis in Q lll.

5. lying on point (x, -0.6) and is in QIV.

Lesson 2

Six Trigonometric Function of an Angle in Standard Position
Where the Terminal Point is Not on the Unit Circle

The six trigonometric functions of £ A if the terminal side is not on the unit

circle are defined as:

sinA=Z cscA=£
r Yy
cosA=> secA= L
r X
tanA=Z cotA=£
X Yy

Ve
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Examples:

1. Find the six trigonometric functions of £ A if the coordinates of P(5,12) lies on

its terminal side.
Solution:
x=5;y=12
Y

Solve forr:

Using Pythagorean Theorem

cos A=

tan A =

= <

N

CsSCA =

<

sec A=

==

cotA=£

<



2. If P(-4,5), find the values of radius and six trigopnometric functions of £ A .

Solution: x=-4; y=3

X

You need to find r:

By Pythagorean Theorem

SiﬁA:Z:g CSCA=L=§
r 5 y 3

cosA=£=—i secA:ﬁz_é
r 5 b 4

tanA:Z = _é COtA=£ = _i
X 4 y 3



3. If P(-1,-7), find the values of the radius and six trigopnometric function of ~A.

Solution: x=-1;y=-7 Y

X X='1\

Solve for r:
By Pythagorean Theorem

—_ 2 2

r= 4{x +y
= V(D + (=77
= J1+49
= 4/50
= 4/25-2
r=5\/§
The ratios of the six functions are:
snazl o T N2 -T2 52
roo5J2 0 52 A2 10 y 7
CosA:i:__lz_l .QZ_ 2 SecAz_:_S\/E
r 542 542 2 10 x

)
-]
>
I
['<
I
[
~
Q
=1
>
I



4. If P(8,-10), find the values of the radius and six trigonometric function of Z£A.

Solution: x=8; y=-10

Y
_'
r y=-10
Solve forr:

Using Pythagorean Theorem

The ratios of the six functions are:

oy =10 _ —10 41 -5J41 241 41
SinA= = = = . = cscA=_=_2*"__*Y"
roo 2441 2441 Y41 4l y 10 5
Cx 8 8 A4l 441 _r_ 2441 Y41
CoOsA=— = = . = ecA=_=2Y""_*Y"
r 2\/5 2\/5 \/ﬂ 41 X 8 4
-10
X 8 8 4 y 5
2441



Try this out

Given the coordinates of the terminal point, sketch the figure and find the
value of r and the six trigonometric functions.
(-5,7)
(-8, -15)
(24,-7)
(2,3)
(-9, 40)

a K 0N =

Lesson 3

Find the Values of Six Trigonometric Functions of #A
Under Some Given Conditions

You can determine the five other trigonometric functions if one of the
trigonometric function is given.

Examples:

1.ifsin A=

%, Z Ais not in Ql, find the other functions.

Solution: Since the sin function is positive in QI & Il and ZA is not in Ql,
then ZAisin Qll.
Y

y A
Since SinA==and y= 4, r= 5,

r
solve for x:

N

>

Find x using Pythagorean theorem

2 = 2+ )2

2 2_ 2
I -y =X
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52_42 = y2

25 -16 =x
9 =x?
+3 =X

Since A is in Qll, consider the value of x = -3.

The five trigonometric functions are:

cosA=X=—E cscA=£=§
r y 4
tanA=Z=—i secA=_ = 3
X 3 X 3
cotA= L = _3
h% 4

2. Tan A = ? cos A < 0 and sin A < 0, find the values of the five other
trigonometric functions of ZA.

Solution: The terminal point lies in quadrant Il since the sine and cosine
functions are both negative. Considering the algebraic sign of the
function in QIll, the tan and cot functions are the only positive
functions while the rest are negative.

Y

A
Since Tan A = ?

o xFa I\
Then,y =-+/3,x=-3 A \
y=+3

A\ 4

Solve forr:

By Pythagorean theorem

2 = 52+ y?

11



= (3)° +(-3)

r=9+3
r? =12
r =412
r =+4-3
r=243
The five other trigonometric functions are:
S|nA=Z=—l cscA=_ =2
r 2 y
COSA=£=——3 SecA:lz_&
r 2 X 3
cotA=L = 3
y

If sin A = ﬁ and % < A < n. Find the values of the five other

trigonometric functions of £A.

Solution: SinA=g. WedefinesinA=X,andy= V7, r =4and ZA

r
lies in QII. If Sin A and csc A are positive, then the five other

functions are negative.

[N
1

X2 + y2
?_y? = X2

12



42 (J7)2= %2

16-7 = X°
9 =x°
V9 =x°
-3 =X
The five other trigonometric functions are:
COSA=£=-E CSCA=£= i:iﬂzﬂ
ro 4 y N1 N1 AT
tanA=1=-—7 secA=£=—i
X 3 X 3
3 3 47 37

cotA=X = _ 2 __ 2 NI _N/
y NN RN

4. IfsecB = 8 and 0 < B <90, find the other trigonometric functions of £ B.

Solution: Since sec B and cos B are reciprocals, then cos B = .

=8; Bliesin Ql, all the functions

WedefinecosB=f,so Xx=3;r
r

have positive sign. Y

oo

w

x
1
w

You need to solve for y:

r2=x2+y2
2 _ x2 =y2
82—32=y2
64-9 = y?

55 =y?

V55 =y

13



The trigonometric functions are:

SinB:Z:E
7 8
anped o V55 o3 _ 3 55355
x 3 55 /55 /55 55
cotB=£=\/§
y
copel = 8 _ 8 55 855
y 455 455 W55 55
Try this out

A. Find the value of each of the remaining functions of the acute angle A :

1. If cos A =% and Sin A <0.

V3

2. 1fsinA="and £ <A<n.
4 2

3. Ifsin A= %andcosA>O

243

4. IfcosA=-T and TanA>0

5. Iftan A= -%, and 270 < A< 360

14



Lels summarige

The six circular functions of an angle & whose terminal point (x, y) is on
the unit circle:

. 1 Y

sin @ =y csc @ = —
y Krﬂ P(x, y)

9

cos 0 =X sec49=l X \J

X
=Y =X
tan & X cot ¢ Unit Circle

The six trigonometric functions of £ A if the terminal side is not on the unit
circle:

Y

sinA=Z cscA=£

r y f r y

X A

cosA=i secA=£ \}

r X
tanA=Z cCotA= —

X

15



1. What is the value of y = %cosxifx= %

Given the figure, find the value of r and the six trigonometric functions of ZA.
Y

(2 N

r
Sin A
Cos A
Tan A
Cot A
Csc A
Sec A

PN EWN

Sketch the figure and find the values of r and the other five trigonometric

functions of #Ciftan C = —g and sin C > 0.

9. r

10. SinC
11. Cos C
12. Cot C
13. SecC
14. CscC

16



1
=4(—
y (2)
y =2
2. r=13
3. sinA=—
4 c:osA=—i
13
5.c:otA=—i
12
6.cscA= —
7.tanA=-E
5
8.secA=-2
5
9.r=10
10.sink=-E
5
11. cosS=i
5
12. cotS=-i
3

13. csc S = -E
12

17



14.sec S = 2
4
Try this out
Lesson 1
1. a. sin3—”=—1 d. csc3—ﬂ=—1
2 2
b. cos 3—” =0 e. sec 3—” = undefined
2 2
c. tan 3—7[ = undefined f. cot 3—7[ =
2 2
2 a.3|n5—7r=l dcscs—”=
6 2 6
b coss—”——ﬁ esecs—ﬂ——ﬁ
2 6 3
c. t 5—ﬁ=—£ £ oot 2% = 43
6 3
3 asms—”:—ﬁ dcscS—”——&
2 3 3
S 1 Y4
b. cos — = — e. sec = =
3 2 3
C. tanS—”=—\/§ f. Cots_ﬂ-z_ﬁ
3 3 3
1
4 = -
y 13
. 1
a. S|nA=-E d. cscA=-13

18



12 13

b. cosA=-— e. secA= -——
13 12
C. tanA=i f. cotA=12
12
5. x=0.8
a. sinA=-0.6 d. cscA=-§
5
b. cosA=0.8 e. secA=Z
C. tanA=-E f. cotA=-i
4 3
Lesson 2
1. (-5,7)
Y
7 rr\
X A |
-5
Solve forr:

By Pythagorean Theorem

= () +(y)?

=(5)2+(7)?
= 25 + 49
T
a.SinA=@ c:.TanA=-Z e.CotA=—§
74 5 7
b.CosA=_57*4/1ﬂ d. SecA=@ f.CscA=@

19



Y
-8 \
X A !
-15
2. (24,-7)
Y

Solve forr
By Pythagorean Theorem:

P =(x)2+ (y)?
= (-8)%+ (-15)?

=64 + 225
=289
r=17
SinA=-2 csc A=
17 15
CosA=-i SecA=-1_7
17 8
Tan A= %5 CotA = 8
By Pythagorean Theorem:
P2=x2+ y2
= (24)2 + (-7)?
=576 + 49
=625
r=25
SinB=-— CscB:_é
7
Cos B = 24 SecB = >
25
TanB =-— CotB=-£

20



X A >
2
Sin =—3\/E
13
C SA = @
13
Tan A= i
2
4. (-9, 40)
40

Solve forr:
By Pythagorean theorem:
P2 = x2 +y?
=92 4 32
=4+9
=13

r=413

Solve forr

By Pythagorean Theorem

r2=X2+y2
= (-9)? + (40)?
=81 + 1600
= 1681
r =41
SinA= ﬂ Csc A= ﬂ
41
CosA=-2 SecA=-%
Tan A = —% CotA=-2

21



Lesson 3

1. Cos A =%,IfA isinQ IV

Solution: In Q IV the only positive functions are cos A and sec A .

Y
By Pythagorean Theorem:
A
\\4 y? =(13)%-(5)7
13 y? =169 — 25
y? = 144
y =12
a. SinA =12 d. CscA=-E
13 12
b. TanA=-% e.CotA=-i
c.Sec A= B
5

V3

2. SinA=T,If AisinQll

Solution: In Q Il sin A and csc A are positive and the rest of the functions
are negative.

Y
By Pythagorean Theorem
(‘
X2 + y2 — 2 NE) 4 \
X A

2= y2

2 =42 _ (\/5)2
x*=16-3

x =+ /13, since Aisin Qll
x =-4/13

22



a. CosA= VI3 d. SecA= (I3
4 13
b. TanA=-ﬁ e. CotA=—ﬁ
13 3
c. CscA= -?

3. SinA= %,Where Aisin Q|

Solution: Since Ais in Q I, all the functions are positive.
Y

By Pythagorean Theorem
X2 + y2 =2
x* = (3)* - (2)°
x*=9-4
x* =5

x=++/5 but Aisin Qlthen x =+/5

a. CosA=§ d. Csc A=
b. Tan A= % e. CotA=
c. SecA= %

23
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4.Cos A= —%, Aisin Qlll

Solution: Since a is in Qlll, tan and cot are the only positive and the rest are
negative.

Y

(s

242

By Pythagorean theorem

x2+y2=r2
y? = (3 — (242
=9-8
y=
a. SinA =-l d.SecA=-£
3 3
a. TanA=g e.CotA=2\/5
b. CscA=-3

5. TanA=-%,Ais in QIV

Solution: Since A is in QIV, cos and sec are the only positive and the rest are
negative.

By Pythagorean Theorem
S
k P =x?+y?
BNE = (4)% + (3
=16+9
=25
r=>5

24



a. Sin A=-3/5

b. Cos A=4/5

C.

What have you learned

CotA=-4/3

1. y=0
2. r=25
3. SinA=—g
25
4, CosA=-E
25
5. TanA=ﬁ
7
0. CscA=—g
24
7. SecA=-é
7
8. CotA=l
24
9. r =5
10.sinC=-*
5
11.TanC=-%
3
12.CotC=-§
4
13.8ecC = >
3
14.Csc C = -2
4

d. Csc A =-5/3

e.Sec A=5/4

25



